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Abstract
$n$ $f\in \mathbb{C}[x]$ localb $b_{f,p}(s)$ stratum





$n$ $x=$ $(x_{1}, \ldots , x_{n})$ , $f(x)\in \mathbb{C}[x]=\mathbb{C}[x_{1}, . . . , x_{n}]$
$b$ ,
$L(x, \partial_{x}, s)f^{s+1}=b(s)f^{s}$
$L\in \mathcal{D}[s],$ $1$ $b(s)$ , $b(s)$
. , $\mathcal{D}$ Weyl algebra $D=\mathbb{C}\langle x,$ $\partial_{x}\rangle$ global $b$ $b_{f}(s)$
. , $\mathcal{D}$ ,
$\mathbb{C}[x]_{p}=\{f(x)/g(x)|f(x),g(x)\in \mathbb{C}[x],g(p)\neq 0\}$
($p$ ) $\mathbb{C}$ [x]p $\langle\partial$ , $P$ localb ,




global $b$ $D[s]$ Ann$D[s]^{f^{s}}:=\{P\in D[s]|Pf^{s}=0\}$ , $($Ann$D[s]^{f^{s}}+$
$D[s]f)\cap \mathbb{C}[s]$ $b_{f}(s)$ [13] , $t$ $n+1$
Weyl algebra $D\{t,$ $\partial_{t}\}$ $I_{f}:=\langle t-f,$ $\partial q+\neq_{x_{1}}^{\partial}\partial_{t},$ $\ldots\partial_{n}+\neq_{x_{n}}^{\partial}\partial_{t}\rangle$ $(t,$ $x_{1},$ $\ldots,$ $x_{n}|\partial_{t},$ $\partial_{1},$ $\ldots,$ $\partial_{n})$
weight $(-w, w)$ $:=(-1,0, \ldots, 0|1,0, \ldots, 0)$ in$(-w,w)$ (If)
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1([15] 534)
$D[s]$ $f^{s}$ Ann$D[s]f^{s}$ $I_{f}\cap D[t\partial_{t}]$ $t\partial_{t}\mapsto-s-1$
.
1 localb Oaku[11] Nakayama
[7] Mora division , 3





$V_{i}arrow V(Q_{i}\cap \mathbb{C}[x])(i=1, \ldots, r)$
$b_{i}(s)arrow Q_{i}\cap \mathbb{C}[s](i=1, \ldots, r)$
$Sarrow\emptyset$
for each $Z\subset\{1, \ldots, 7^{\cdot}\}$ do







$(V_{Z}, b_{Z}(s))$ , $p\in V_{Z}$ $b_{f_{\}}p}(s)=b_{Z}(s)$
. , $V_{Z}$ $\mathbb{C}^{n}$ .
.
$\bullet$ $L_{f}$





$p\in \mathbb{C}$ local $b$ $b_{f_{)}p}(s)$ $p$ $V(Q_{i}\cap \mathbb{C}[x])$
. ,




$J_{j}=$ in$(-w,w)$ (If) .
107
2
$p\in \mathbb{C}^{n}$ $b(s)\in \mathbb{C}[s]$ .
1. $Lf^{s+1}=b(s)f^{s}$ L $\in \mathbb{C}$ [x]p $\langle\partial$ .
2. $a(x)\in(J_{f}\cap \mathbb{C}[x, t\partial_{t}])$ : $b(-t\partial_{t}-1)),$ $a(p)\neq 0$ $a(x)\in \mathbb{C}[x]$ .
$L(s, x, \partial_{x})\in \mathbb{C}[x]_{p}\langle\partial_{x}\}$ $L=1/a(x)\cdot\tilde{L}$ $\tilde{L}(s, x, \partial_{x})\in D$ $a(x)\in \mathbb{C}[x]$
$(a(p)\neq 0)$ ,
$1/a(x)\cdot\tilde{L}(s, x, \partial_{x})f^{s+1}=b(s)f^{s}$ $\Leftrightarrow$ $\tilde{L}(s, x, \partial_{x})f^{s+1}=a(x)b(s)f^{s}$
$\Leftrightarrow$ $\tilde{L}(s, x, \partial_{x})f-a(x)b(s)\in$ Ann$D[s]^{f^{s}}$
$\Leftrightarrow$ $\tilde{L}(-t\partial_{t}-1, x, \partial_{x})t-a(x)b(-t\partial_{t}-1)\in I_{f}$
$\Leftrightarrow$ $a(x)b(-t\partial_{t}-1)\in$ in $(-w,w)(I_{f})$
$\Leftrightarrow$ $a(x)\in$ in $(-w,w)(I_{f}):b(-t\partial_{t}-1)$ .





1. $c(s)\in \mathbb{C}[s]$ $b_{f,p}(s)|c(s)$ .
2. $a(p)\neq 0,$ $a(x)\in(J_{f}\cap \mathbb{C}[x, ta])$ : $c(-t\partial_{t}-1))$ $a(x)\in \mathbb{C}[x]$ .
globalb $\mathbb{Q}$ 1 .
$b_{f}(s)$ $b_{f}(s)= \prod_{i=1}^{r}g_{i}(s)^{d_{i}}$ . , local $b$ $b_{f_{)}p}(s)\}$
$b_{f_{)}p}(s)|b_{f}(s)$ $b_{f,p}(s)= \prod_{i=1}^{r}g\iota(s)^{e_{i}(p)}$ $(0\leq e_{i}(p)\leq d_{i})$ .
4
$i=1,$ $\ldots,$ $r,$ $j=0,$ $\ldots,$ $d_{i}$ $b_{i,j}(s):=b_{f}(s)/g_{i}(s)^{d_{i}-j}$ . $_{arrow}$ , $I_{i,j}$ ,
$V_{i,j}$
$I_{i,j}:=$ $((J_{f}\cap \mathbb{C}[x, t\partial_{t}]):b_{i,j}(-t\partial_{t}-1))\cap \mathbb{C}[x],$ $I_{i,-1}:=\{0\},$ $V_{i,j}:=V(I_{i,j})\subset \mathbb{C}^{n}$
.
5
1. $\mathbb{C}[x]=I_{i,d_{\mathfrak{i}}}\supset I_{i,d_{i}-1}\supset\cdots\supset I_{i,0}\supset I_{i,-1}=\{0\}$
2. $\emptyset=V_{i,d_{i}}\subset V_{i,d_{i}-1}\subset\cdots\subset V_{i,0}\subset V_{i,-1}=\mathbb{C}^{n}$
3. $p\in V_{i,j-1}\backslash V_{i,j}\Leftrightarrow e_{i}(p)=j$ .
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(3) . $p\in V_{i,j-i}$ , $\tilde{L}f^{s+1}=a(x)b_{i,j-1}(s)f^{s}$ $\tilde{L}\in D[s],$ $a(x)\in$
$\mathbb{C}[x]$ $a(p)=0$ . 3 $b_{f,p}1^{b_{i,j-1}}\cdot P\not\in V_{i,j}$ , $a(x)\in \mathbb{C}[x]$
$(a(p)\neq 0)$ $a(x)\in I_{i,j}$ . , 3 $b_{f,p}|b_{i,j}$ . $e_{i}(p)=j$ . $e_{i}(p)=j$
, $b_{f,p}|b_{i,j}$ $a(x)\in \mathbb{C}[x],$ $a(p)\neq 0$ $a(x)\in I_{i,j}$ . $p\not\in V_{i,j}$ . $b_{f,p} \int b_{i,j-1}$
$a(x)\in I_{i,j-1}$ $a(p)=0$ $p\in V_{i,j-1}$ . 1
6
$i=(j_{1,\ldots,\dot{j}r})(0\leq j_{i}\leq d_{i})$ , $V^{j}=( \bigcap_{i=1}^{r}V_{i,j_{i}-1}),$ $V_{j}=( \bigcup_{i=1}^{r}V_{i,j_{i}})$ . ,
$p \in V^{j}\backslash V_{j}\Leftrightarrow b_{f,p}(s)=\prod_{i=1}^{r}g_{i}(s)^{j_{i}}$ .
.
2 (local $b$ stratification)
Input : $f\in \mathbb{C}[x]$
Output :local $b$ stratification $\{(C_{j},$ $b_{j}(s))\}$
$J_{f}arrow$ in$(-w,w)(I_{j})$ ; $L_{f}arrow J_{f}\cap \mathbb{C}[x, t\partial_{t}]$
$b_{f}(s)= \prod_{i=1}^{r}g_{i}(s)^{d_{i}}arrow f$ global $b$
for $i=1,$ $\ldots,$ $r$ do
for $j=0,$ $\ldots,$ $d_{i}$ do




for all $j=(j_{1}, \ldots,j_{r})(0\leq j_{i}\leq d_{i})$ do
$V^{j} arrow\bigcap_{i=1}^{r}V(I_{i,j_{i}-1})$ ; $V_{j} arrow\bigcup_{i=1}^{r}V(I_{i,j_{i}})$ .
if $V^{j}\backslash V_{j}\neq\emptyset$ then




1 $p\in \mathbb{C}^{n}$ local $b$ $I_{i,j}$ , $i$ }





$J_{f}$ $(-w, \tau v)$ weight homogenization
. , homogenization modular change
of ordering .
4.1.1 modular change of ordering
$Z_{\langle p\rangle}:=\{a/b|a, b\in b\not\in p\mathbb{Z}\},$ $\phi_{p}$ : $Z_{\langle p\rangle}arrow F_{p}$ $p$ $F_{p}$ .
3 (trace lifting [8])




$parrow G0\subset Z_{(p\rangle}\{x, \partial_{x}\}$
$G_{p}arrow<$
If $\phi_{p}(G)=G_{p}$ $G\subset\{Go\}$ then
return $G$
end do




Noro [9] globalb weighted homogenization
. $t\deg_{\gamma}(f)$ $f$ weight $\gamma=(\gamma_{1}, \ldots, \gamma_{n})\in \mathbb{R}_{>0}^{n}$ , $\delta=(t\deg_{\gamma}(f)-\gamma_{1}+$
$1,$ $\ldots,t\deg_{\gamma}(f)-\gamma_{n}+1)$ . $\hat{\gamma}=(t\deg_{\gamma}(f), \gamma)$ , $\hat{\delta}=(1, \delta)$ $(t, x)$ , $(\partial_{t}, \partial_{x})$ weight




$\partial_{n},$ $t,$ $\partial_{t},$ $h$ , $\partial_{i^{X}i}-x_{i}\partial_{i}=h^{d}(i=1, \ldots, n),$ $\partial_{t}t-t\partial_{t}=h^{d}$
.
$P= \sum C_{k)\alpha)l_{:}\beta}t^{k}x^{\alpha}\partial_{t}^{l}\partial_{x}^{\beta}\in D\{t,$ $\partial_{t}\rangle$
$H_{(\hat{\gamma},\hat{\delta})}(P)= \sum c_{k_{:}\alpha_{2}l,\beta}t^{k}x^{\alpha}\partial_{t}^{l}\partial_{x}^{\beta}h^{\deg_{(\gamma,\delta)}(P)-(k\cdot t\deg_{\gamma}(f)+l+\gamma\alpha+\delta\beta)}$
, $D\{t,$ $\partial_{t}\rangle$ $\prec$ $D\{t,$ $\partial_{t},$ $h\rangle$ $\prec_{(\hat{\gamma},\hat{\delta})}h$
$uh^{k}\prec_{(\hat{\gamma},\hat{\delta})}^{h}vh^{l}\Leftrightarrow t\deg_{(\hat{\gamma},\hat{\delta})}(uh^{k})<$ tdeg $(\hat{\gamma},\hat{\delta})(vh^{l})$ or




$F= \{t-f, \partial_{1}+\frac{\partial f}{\partial x_{1}}\partial_{t}, \ldots, \partial_{n}+\frac{\partial f}{\partial x_{n}}\partial_{t}\},\hat{f}=H_{(\hat{\gamma},\hat{\delta})}(f)k$ . in $\prec o(F)=\{t, \partial_{1}, \ldots, \partial_{n}\}$
$\prec 0$ , $H_{(\hat{\gamma},\hat{\delta})}(F):= \{t-\hat{f}, \partial_{1}+\tau_{x1}^{\hat{f}_{-\partial_{t},\ldots,\partial_{n}}}\partial+\frac{\partial\hat{f}}{\partial x_{n}}\partial_{t}\}$ $\{H_{(\hat{\gamma},\hat{\delta})}(F)\}$
.
, weighted homogenization $J_{f}$ 3
. , weight $\gamma$ $J_{f}$ ,
. $\gamma$
, $f$ weighted homogeneous weight
.
413 $b_{f}(s)$
Jf $\cap \mathbb{C}$ [ ] ,
$J_{f}$ .
4( )
Input : $J\subset R$ $G$ , $u\in R$
Output : $u$ $J$
$iarrow 0$
do





4.2 $J_{f}\cap \mathbb{C}[x, t\partial_{t}]$
$L=J_{f}\cap \mathbb{C}[x, t\partial_{t}]$ , $J_{f}$
$\partial_{1},$
$\ldots,$
$\partial_{n}$ $\tilde{L}=J_{f}\cap \mathbb{C}[x]\{t, \partial_{t}\}$ . , Oaku[13]
$L$ $\tilde{L}\cap \mathbb{C}[x, t\partial_{t}]$ . ord$(-w,w)(h)=d$ $(-w, w)$-homogeneous
$h\in \mathbb{C}[x]\langle t,$ $\partial_{t}\}$ $\psi$ ( ) .
$\psi(h)=\{\begin{array}{ll}t^{d}h d>0\partial_{t}^{-d}h d\leq 0\end{array}$




$\{g_{1}, \ldots , g_{r}\}$
$\tilde{L}$ , $g_{i}$ $(-w, w)$-homogeneous ord$(-w,w)(g_{i})=d_{i}$
. , $\tilde{L}\cap \mathbb{C}[t\partial_{t}]=\{\psi(g_{1}), \ldots, \psi(g_{r})\}$ .
43 $I_{i,j}$
$L=J_{f}\cap \mathbb{C}[x, t\partial_{t}]$ $s=t\partial_{t}$ $\mathbb{C}[x, s]$ ,
$\mathbb{C}[x,$ $s]$ . $I_{i,j}=L$ : $b_{i,j}(-s-1)$ $L\cap\langle b_{i,j}(-s-1)\}$
$b_{i,j}(-s-1)$ . , $b_{i,j+}i(s)=g_{i}(s)b_{i,j}(s)$
$L:b_{i,j+1}(-s-1)=(L:b_{i,j}(-s-1))$ : $g_{i}(-s-1)$




$T_{i}$ : $\emptyset=V_{i,d_{i}}\subset V_{i,d_{i}-1}\subset$ $\subset V_{i,0}\subset V_{i,-1}=\mathbb{C}^{n}$
, 2 $T_{i}$ $T_{k}$ , localb $9i$ $9k$
. 2 ,
$V(I)=V(J)$ . , $V(I)\subset V(J)$
$J$ . , .
, 1 $V^{j}$ $V_{j}$
. , $V^{j}\backslash V_{j}$
. , $V^{j}\backslash V_{j}=\emptyset\Leftrightarrow V^{j}\subset$
, .
45 $b_{f_{1}p}(s)$
stratum $Lf^{s+1}=b_{f,p}(s)f^{s}$ $L\in \mathbb{C}[x]_{p}\langle\partial_{x}\}[s]$
.
5 (local $b$ )
$r$
Input : $P\in \mathbb{C}^{n}$ $f$ local $b$ $b_{f,p}(s)= \prod_{i=1}g_{i}(s)^{e_{i}(p)}$ , $I_{p}= \bigcap_{i=1}I_{i,e_{t}(p)}$
Output : $L(x, \partial_{x}, s)f^{s+1}=b_{f_{\dagger}p}(s)f^{s}$ $L(x, \partial_{x}, s)\in \mathbb{C}[x]_{p}\{\partial_{x}\rangle[s]$
$a(x)arrow a(p)\neq 0$ $I_{p}$
$Garrow I_{f}$ $\prec(-w,w)$ $\{g_{1}, \ldots, g_{k}\}$
$a(x)b_{f,p}(-t \partial_{t}-1)=\sum_{i=1}^{k}$










, $G$ $I_{p}$ 2
. , 1 ,
$D(t,$ $\partial_{t}\}$ 1 .
5
2 Risa/Asir[10] .
. Linux OS, Intel Xeon X5450 (3GHz) .
5.1
$f(x, y, z)=x^{3}-y^{2}z^{2}$ (Oaku[12] ) 2
.
$(\langle x^{2}, -y, -z\}, \langle 1\}, (s+1)(3s+4)(3s+5)(6s+5)^{2}(6s+7)^{2})$
$(\langle zy, x^{2}\}, \langle-x^{2}, -z^{2}, -y^{2}\rangle, (s+1)(6s+5)(6s+7))$
$(\langle x^{3}-z^{2}y^{2}\rangle,$ $\{-x^{2},$ $-z^{2}y,$ $zy^{2}\rangle,$ $s+1)$
$(\langle 0\rangle, \{x^{3}-z^{2}y^{2}\}, 1)$ .
$(I, J, b(s))1$ $p\in V(I)\backslash V(J)$ local $b$ $b(s)$ .
,
$\mathbb{C}^{3}$
$=$ $\{(0,0,0)\}\cup S_{1}\cup S_{2}\cup(\mathbb{C}^{3}\backslash V(f))$
stratification . , $S_{1}=(V(x, z)\cup V(y, z))\backslash \{(0,0,0)\},$ $S_{2}=V(f)\backslash$
$(V(x, z)\cup V(y, z))$ . , stratum local $b$ $b_{f_{)}p}(s)$ $|$
$b_{f,p}(s)=\{\begin{array}{l}(s+1)(3s+4)(3s+5)(6s+5)^{2}(6s+7)^{2} , p=(O, 0,0)(s+1)(6s+5)(6s+7) p\in S_{1}(s+1) p\in S_{2}1 p\not\in V(f)\end{array}$
. , $k\leq 6$ $f^{k}$ . $f^{6}$ stratification
1 340 . $f$ weight (4, 3, 3) weighted homogeneous , weight
194 .
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5.2 $A_{k}$ $x^{k+1}$ versal deformation
1 local $b$ , local $b$ stratification
.
$f_{k}(x, u_{1}, \ldots, u_{k})$ $A_{k}$ $x^{k+1}$ versal deformation
$f_{k}(x, u_{1}, \ldots , u_{k})=x^{k+1}+u_{1}+u_{2}x+\cdots+u_{k}x^{k-1}$ $(k\geq 1)$
, disc $(f_{k})=$ resultant$x(f_{k}(x), f_{k}’(x))$ .
, $V$ (disc $(f_{k})$ ) stratify . $k=3$
.
disc $(f_{3})=256u_{1}^{3}-128u_{1}^{2}u_{3}^{2}+144u_{1}u_{2}^{2}u_{3}+16u_{1}u_{3}^{4}-27u_{2}^{4}-4u_{2}^{2}u_{3}^{3}$
( $\mathbb{R}^{3}$ , $_{L}$’swallowtail . $I_{2,2}=\{u_{21}4\uparrow x-u_{3}^{2}\rangle$ , $I_{3,1}=\langle 27\tau x_{2}^{2}+$
$8u_{3}^{3},12u_{1}+u_{3}^{2}\rangle$ . , $V(I_{2,2})\cap V(I_{3,1})=\{(0,0,0)\}$ , $V(disc(f_{3}))$ local $b$
stratification l
$\mathbb{C}^{3}=S_{4}\cup S_{2,2}\cup S_{3,1}\cup S_{2,1,1}\cup S_{1,1,1,1}$
. , $S_{4}=\{(0,0,0)\},$ $S_{2,2}=V(I_{2,2})\backslash \{(0,0,0)\},$ $S_{3,1}=V(I_{3,1})\backslash \{(0,0,0)\}$ ,
$S_{2,1,1}=V$ (disc $(f_{3})$ ) $\backslash (V(I_{2,2})\cup V(I_{3,1})),$ $S_{1,1,1,1}=\mathbb{C}^{3}\backslash V$(disc $(f_{3})$ ) . $S$ $fs$
. , $S_{3,1}$ $(u_{1}, u_{2}, u_{3})\in S_{3,1}$ $f_{3}$ 3
1 , 1 . $k=5$ ,
stratification . , $(u_{1}, u_{2\cdots\prime}.u_{k})$
weight $(k+1, k, \ldots, 2)$ disc $(f_{3})$ weighted homogeneous . weight
. , $k=5$ in$(-w,w)$ (disc $(f_{5})$ )
1 .
5.3 $D_{k}$ $x^{2}y-y^{k-1}$ versal deformation
, $D_{k}$ $x^{2}y-y^{k-1}$ versal deformation
$f_{k}(x, y, u_{1}, \ldots, uk)=x^{2}y-y^{k-1}+u_{1}+u_{2}x+u_{3}x^{2}+u_{4}y+\cdots+uky^{k-3}$ $(k\geq 4)$
. $f_{k}$ $(u_{1}, \ldots, u_{k})$ $(x, y)$- ,
, $\langle f_{k},\partial_{x}\neq k_{-},\partial_{y}\neq\}\cap \mathbb{C}[u_{1}, \ldots, uk]=\langle g_{k}\rangle$
$g_{k}(u_{1}, \ldots, uk)$ . $g_{k}$ .
$g_{4}$ stratification $\mathbb{C}^{4}$ 7 stratum stratify .
$(u_{1}, u2, u_{3}, u4)$ weight (6, 4, 2, 4) 4 .
$g5$
$\mathbb{C}^{5}$ } 12 stratum . $(u_{1}, u_{2}, u_{3}, u_{4}, u_{5})_{-}$ weight
(8, 5, 2, 6, 4) 8937 . 1
.
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1: $V(g_{5})$ stratification ( )
6
local $b$ strati cation
, . ,
. 2
$L_{f}$ $J_{f}\cap \mathbb{C}[x, t\partial_{t}]$
. , . , $V(g_{5})$
,j $V^{j}$ , 2762 . , SINGULAR [2] primdecGTZ
, 5 . , $I_{i,j}$
$it$ ,
.
localb global $b$ ,
. , Oaku, Bahloul [14] local Bernstein-Sato
$l^{\underline{\prime}}$ stratification . local Bemstein-Sato
?2 local $b$ ,
. , local Bernstein-Sato
. , .
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